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BERGMAN METRIC ON THE SYMMETRIZED BIDISC AND ITS
CONSEQUENCES
GUNHEE CHO AND YUAN YUAN
Abstract. On the symmetrized bidisc G2 with the Bergman metric, the holo-
morphic sectional curvature is negatively pinched and the holomorphic bisectional
curvature is not. The consequences in invariants metrics are provided.
1. Introduction and results
The complete Ka¨hler manifold with negatively pinched curvature is of particular
interest in complex geometry (cf. [26]). Recently, Wu and Yau obtained many deep
results on complete Ka¨hler manifolds with negatively pinched holomorphic sectional
curvature in [27]. In particular, they obtained the existence of complete Ka¨hler-
Einstein metrics with quasi-bounded geometry. Moreover, invariant metrics are shown
to be equivalent. On the other hand, if the holomorphic bisectional curvature is
negatively pinched, so is the holomorphic sectional curvature, but the converse is
obviously not always true. There are well known examples as homogeneous manifolds
or product manifolds with negatively pinched holomorphic sectional curvature and
not negatively pinched holomorphic bisectional curvature. It seems that it is not
known whether a non-homogeneous or non-product Ka¨hler manifold exists or not
with negatively pinched holomorphic sectional curvature but positive holomorphic
bisectional curvature somewhere and it apparently is a natural question in Ka¨hler
geometry [1]. Our main result offers one complete noncompact example. In this paper,
we study the Bergman metrics and its geometric consequences on the symmetrized
bidisc G2, which is neither homogeneous nor has product structure. We will denote
the unit disk in C by D and here is our result:
Theorem 1. The holomorphic sectional curvature of the Bergman metric on G2 =
{(z1 + z2, z1z2) : z1, z2 ∈ D} is negatively pinched and the holomorphic bisectional
curvature is positive somewhere.
The original motivation of the study of G2 is the robust control theory and it later
has been studied intensively by the functional analysts (see for example [2–4]). The
complex geometry of the symmetrized bidisc G2 is also particularly interesting (see
[2],[14],[22] and [24]). Note that G2 serves as the first non-trivial example which is not
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biholomorphic to any geometric convex domains but still, the Carathe´odory-Reiffen
metric and the Kobayashi-Royden metric are the same ([3],[8]).
One important consequence of negatively pinched holomorphic sectional curvature
in [27] is the equivalence of invariant metrics (see the Section 3). The classical in-
variant metrics include the Bergman metric, the Carathe´odory-Reiffen metric, the
Kobayashi-Royden metric and the complete Ka¨hler-Einstein metric of Ricci curva-
ture equal to −1. Note that invariant metrics on Ka¨hler manifolds with the uniform
squeezing property are equivalent (cf. [17,28]). In particular, the equivalence of those
invariant metrics have been established for strictly pseudoconvex domains [12], geo-
metric convex domains [7,15,16], pseudoconvex domains of finite type in C2 [5,11,19],
and C-convex domain [21]. Equivalence of classical invariant metrics on G2 also fol-
lows from [21,23,28].
2. Curvature tensors of the Bergman metric
G2 = {(z1+ z2, z1z2) : z1, z2 ∈ D} is defined as the image of the bidisc D2 under Φ,
where
Φ : D×D→ G2, (z1, z2) 7→ (z1 + z2, z1z2) =: (w1, w2).
The Bergman kernel BG2(w,w) of G2 was explicit (cf. [9], [20]) and here we describe
it by using B = Φ∗BG2 , the pull-back of the Bergman kernel on D
2, given by
B(z, z) =
1
2pi2
1
(z1 − z2)(z1 − z2)
{
1
(1− z1z1)2(1− z2z2)2 −
1
(1− z1z2)2(1− z2z1)2
}
(2.1)
(cf. page 12 in [6]).
Now we recall the characterization of the automorphism group of G2 (cf. [13]).
Proposition 2. Any automorphism H of G2 is in the form of
H(Φ(z1, z2)) = Φ(h(z1), h(z2))
for h ∈ Aut(D), where z1, z2 ∈ D.
Corollary 3. For any (w1, w2) ∈ G2, there exists H ∈ Aut(G2) such that H(w1, w2) =
(x, 0) for x ∈ [0, 1).
Proof. For any z1 ∈ D, there exists h ∈ Aut(D) such that h(z1) = 0. For any z2 ∈ D,
there exists θ ∈ [0, 2pi) such that eiθh(z2) = x ∈ [0, 1). Therefore, Φ(eiθh(z1), eiθh(z2)) =
(x, 0). This finishes the proof. 
Since Bergman metric is invariant under automorphism, in order to estimate Bergman
metric and its covariant derivatives, it suffices to evaluate at (x, 0) ∈ G2 or equiva-
lently (x, 0) ∈ D×D for x ∈ [0, 1). We will use the coordinate w1 = z1+z2, w2 = z1z2
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on G2 for vector fields
∂
∂wi
, i = 1, 2. Then the metric component of the pullback
Bergman metric is given by
gij =
∂2 logBG2(w,w)
∂wi∂wj
= B−2G2 (BG2∂
2
ij
BG2 − ∂iBG2∂jBG2), i = 1, 2. (2.2)
We use the notation ∂
∂w1
= ∂1,
∂
∂w1
= ∂1,
∂
∂w2
= ∂2,
∂
∂w2
= ∂2. To use the map Φ
in computations, we convert from ∂
∂zi
to ∂
∂wj
by the inverse function theorem, and
expressions of ∂zi
∂wj
are given by
∂z1
∂w1
=
z1
z1 − z2 ,
∂z1
∂w2
=
−1
z1 − z2 ,
∂z2
∂w1
=
−z2
z1 − z2 ,
∂z2
∂w2
=
1
z1 − z2 . (2.3)
where z1, z2 satisfy w1 = z1+z2, w2 = z1z2. Since we will use dΦ
−1 =
(
∂zi
∂wj
)
i,j=1,2
for
computations, we shall use the notation Φ−1 which makes sense only in the relation
BG2 = B ◦Φ−1 on that given point.
The following proposition follows from direct computations.
Proposition 4. The derivatives of B in (2.1) at (x, 0) ∈ D×D, 0 ≤ x < 1 are given
by
∂1B = ∂1B =
x
(
x2 − 3)
2pi2 (x2 − 1)3 , ∂2B = ∂2B = −
x
(
2x2 − 3)
2pi2 (x2 − 1)2 ,
∂2
11
B =
−x4 + 4x2 + 3
2pi2 (x2 − 1)4 , ∂
2
12
B = ∂2
21
B =
x2 − 3
2pi2 (x2 − 1)3 , ∂
2
22
B =
−4x4 + 4x2 + 3
2pi2 (x2 − 1)2 ,
∂211B = −
x2
(
x2 − 4)
pi2 (x2 − 1)4 , ∂
2
12B =
x2
(
x2 − 2)
pi2 (x2 − 1)3 , ∂
2
22B =
4x2 − 3x4
pi2 (x2 − 1)2 ,
∂3
111
B =
x
(
x4 − 5x2 − 8)
pi2 (x2 − 1)5 , ∂
3
112
B = ∂3
121
B = ∂3
211
B = − x
(
x2 − 4)
pi2 (x2 − 1)4 ,
∂3
122
B = ∂3
221
B =
x
(
2x2 − 5)
pi2 (x2 − 1)3 , ∂
3
212
B = −x
(
3x4 − 9x2 + 8)
pi2 (x2 − 1)3 , ∂
3
222
B =
−6x5 + 5x3 + 4x
pi2 (x2 − 1)2 ,
∂3
111
B = −−x
5 + 5x3 + 8x
pi2 (x2 − 1)5 , ∂
3
112
B = ∂3
121
B = ∂3
211
B =
4x− x3
pi2 (x2 − 1)4 ,
∂3
122
B = −x(3x
4 − 9x2 + 8)
pi2 (x2 − 1)3 , ∂
3
221
B = − 5x− 2x
3
pi2 (x2 − 1)3 , ∂
3
212
B = − 5x− 2x
3
pi2 (x2 − 1)3 , ∂
3
222
B =
−6x5 + 5x3 + 4x
pi2 (x2 − 1)2 .
∂4
1111
B =
−2x6 + 12x4 + 42x2 + 8
pi2 (x2 − 1)6 , ∂
4
1112
B = ∂4
1121
B = ∂4
1211
B =
2
(
x4 − 5x2 − 2)
pi2 (x2 − 1)5 ,
∂4
1122
B = ∂4
1221
B = ∂4
2211
B =
−2x4 + 6x2 + 5
pi2 (x2 − 1)4 , ∂
4
1212
B = − 2
(
x2 − 4)
pi2 (x2 − 1)4 ,
∂4
2212
B = ∂4
2221
B = ∂4
1222
B = −2
(
3x6 − 9x4 + 7x2 + 2)
pi2 (x2 − 1)3 , ∂
4
2222
B =
2
(−9x6 + 6x4 + 5x2 + 4)
pi2 (x2 − 1)2 .
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Remark 5. One can verify from computations that all formulas in Proposition 4 at
(x, 0), 0 ≤ x < 1 ∈ D × D coincide at the value (0, x), 0 ≤ x < 1. Hence we can
use either (x, 0) or (0, x) on D × D as the elements of the inverse image of Φ at
(x, 0) ∈ G2.
Proposition 6. The components of the Bergman metric gij at (x, 0), 0 ≤ x < 1 ∈ G2
are given as follows:
g11 =
6− 4x2
(x4 − 3x2 + 2)2 ,
g12 = g21 =
2x
(
x2 − 2)
(x2 − 1)2 ,
g22 = −
2
(
2x4 − 6x2 + 5)
(x2 − 2) (x2 − 1)2 .
Proof. The first derivatives of B ◦ Φ−1 are
∂iBG2 =
∂
∂wi
(B ◦Φ−1) = ∂1B ∂z1
∂wi
+ ∂2B
∂z2
∂wi
, i = 1, 2,
and similar formulas hold for complex conjugate case. So with Proposition 4, com-
putations give that at (x, 0), 0 ≤ x < 1,
∂1BG2 = ∂1BG2 =
x
(
x2 − 3)
2pi2 (x2 − 1)3 ,
∂2BG2 = ∂2BG2 = −
x2
(
x2 − 2)
pi2 (x2 − 1)3 .
For second derivatives of B ◦Φ−1, since
∂
∂wj
(
(∂iB) ◦ Φ−1
)
=
∂
∂z1
(∂iB)
∂z1
∂wj
+
∂
∂z2
(∂iB)
∂z2
∂wj
,
we have
∂2
ij
BG2 =
∂2
∂wi∂wj
(B ◦ Φ−1) = ∂
∂wj
(
∂1B
∂z1
∂wi
)
+
∂
∂wj
(
∂2B
∂z2
∂wi
)
=
∂
∂wj
(
(∂1B) ◦ Φ−1
) ∂z1
∂wi
+
∂
∂wj
(
(∂2B) ◦ Φ−1
) ∂z2
∂wi
+ ∂1B
∂2z1
∂wi∂wj
+ ∂2B
∂2z2
∂wi∂wj
= ∂2
11
B
∂z1
∂wj
∂z1
∂wi
+ ∂2
12
B
∂z2
∂wj
∂z1
∂wi
+ ∂2
21
B
∂z1
∂wj
∂z2
∂wi
+ ∂2
22
B
∂z2
∂wj
∂z2
∂wi
,
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because ∂
2z1
∂wi∂wj
= ∂
2z2
∂wi∂wj
= 0 where i, j = 1, 2. Hence from computation with Propo-
sition 4, at (x, 0), 0 ≤ x < 1,
∂2
11
BG2 =
−x4 + 4x2 + 3
2pi2 (x2 − 1)4 ,
∂2
12
BG2= ∂
2
21
BG2 =
x
(
x2 − 4)
pi2 (x2 − 1)4 ,
∂2
22
BG2 =
−2x6 + 6x4 − 6x2 + 5
pi2 (x2 − 1)4 .
Now proposition follows from computations with (2.2). 
Proposition 7. The component of inverse metric of the Bergman metric gij at
(x, 0) ∈ G2, 0 ≤ x < 1 are given as follows:
g11 =
(
x2 − 2)2 (2x4 − 6x2 + 5)
2 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
g12 = g21 =
x
(
x2 − 2)4
2 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
g22 =
2x4 − 7x2 + 6
2x8 − 16x6 + 46x4 − 60x2 + 30 .
Proof. All formulas of gijB at (x, 0), 0 ≤ x < 1 follows from direct computations with
Proposition 6. For the record, the determinant of gij is precisely given by
deg(g) = −4
(
x8 − 8x6 + 23x4 − 30x2 + 15)
(x2 − 2)3 (x2 − 1)2 .

Recall that the Christoffel symbols Γkij of a Ka¨hler metric g = (gij) is written in
local coordinates by
Γkij = g
kl∂igjl. (2.4)
On G2, we have the following formulas of all Γ
k
ij:
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Proposition 8. The Christoffel symbols Γkij of the Bergman metric gij at (x, 0) ∈
G2, 0 ≤ x < 1 are given as follows:
Γ111 =
2x
(
x6 − 2x4 − x2 + 3)
(x2 − 2) (x2 − 1) (x8 − 8x6 + 23x4 − 30x2 + 15) ,
Γ211 =
6
(
x2 − 2)
x8 − 8x6 + 23x4 − 30x2 + 15 ,
Γ121= Γ
1
12 =
2x2
(
x2 − 2)2
(x2 − 1) (x8 − 8x6 + 23x4 − 30x2 + 15) ,
Γ122 =
2x3
(
x2 − 2)3
(x2 − 1) (x8 − 8x6 + 23x4 − 30x2 + 15) ,
Γ221= Γ
2
12 = −
x
(
x8 − 10x6 + 37x4 − 62x2 + 39)
(x2 − 2) (x8 − 8x6 + 23x4 − 30x2 + 15) ,
Γ222 =
2x2
(
x2 − 3) (x2 − 2)2
x8 − 8x6 + 23x4 − 30x2 + 15 .
Proof. From (2.2),
∂
∂wi
gjl = ∂igjl = −2B−3G2∂iBG2(BG2∂2jlBG2 − ∂jBG2∂lBG2)
+B−2G2
(
∂iBG2∂
2
jl
BG2 +BG2∂
3
jli
BG2 − ∂2jiBG2∂lBG2 − ∂jBG2∂2liBG2
)
. (2.5)
Since the formulas of ∂jBG2 are given in the proof of Proposition 6, we should compute
∂2jlBG2 and ∂
3
jli
BG2 to get all formulas of Christoffel symbols. Elementary calculus
computations with a chain-rule give for any indices i, j, k,
∂2ijBG2 =
∂2
∂wi∂wj
(B ◦ Φ−1)
= ∂211B
∂z1
∂wj
∂z1
∂wi
+ ∂212B
∂z2
∂wj
∂z1
∂wi
+ ∂221B
∂z1
∂wj
∂z2
∂wi
+ ∂222B
∂z2
∂wj
∂z2
∂wi
+ ∂1B
∂2z1
∂wi∂wj
+ ∂2B
∂2z2
∂wi∂wj
,
∂3
ijk
BG2 =
∂
∂wk
∂2
∂wi∂wj
(B ◦ Φ−1) =
(
(∂3
111
B)
∂z1
∂wk
+ (∂3
112
B)
∂z2
∂wk
)
∂z1
∂wj
∂z1
∂wi
+
(
(∂3
121
B)
∂z1
∂wk
+ (∂2
122
B)
∂z2
∂wk
)
∂z2
∂wj
∂z1
∂wi
+
(
(∂3
211
B)
∂z1
∂wk
+ (∂2
212
B)
∂z2
∂wk
)
∂z1
∂wj
∂z2
∂wi
+
(
(∂3
221
B)
∂z1
∂wk
+ (∂3
222
B)
∂z2
∂wk
)
∂z2
∂wj
∂z2
∂wi
+ ∂2
11
B
∂z1
∂wj
∂2z1
∂wi∂wk
+ ∂2
12
B
∂z2
∂wj
∂2z1
∂wi∂wk
+ ∂2
21
B
∂z1
∂wj
∂2z2
∂wi∂wk
+ ∂2
22
B
∂z2
∂wj
∂2z2
∂wi∂wk
.
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From above, it suffices to determine all formulas of
∂2zj
∂wi∂wj
. With (2.3) at (x, 0),
∂2z1
∂w1∂w1
= 0,
∂2z1
∂w1∂w2
=
1
x2
,
∂2z1
∂w2∂w2
=
−2
x3
,
∂2z2
∂w1∂w1
= 0,
∂2z2
∂w1∂w2
= − 1
x2
,
∂2z2
∂w2∂w2
=
2
x3
.
Now each formula Γijk follows from computations with putting all necessary terms
in (2.4). 
Proposition 9. The curvature components of the Bergman metric at (x, 0) ∈ G2, 0 ≤
x < 1 are given by
R1111 =
4
(
9x16 − 108x14 + 551x12 − 1552x10 + 2605x8 − 2598x6 + 1410x4 − 300x2 − 18)
(x4 − 3x2 + 2)4 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
R2211 = R2112 = R1221 = R1122
=
4
(
x16 − 12x14 + 68x12 − 248x10 + 627x8 − 1074x6 + 1170x4 − 726x2 + 195)
(x2 − 2)3 (x2 − 1)4 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
R1212 = R2121
=− 4x
2
(
x12 − 12x10 + 59x8 − 160x6 + 245x4 − 198x2 + 66)
(x2 − 1)4 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
R2111 = R1211 = R1121 = R1112
=
4x
(
2x10 − 19x8 + 76x6 − 147x4 + 138x2 − 51)
(x2 − 2) (x2 − 1)4 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
R1222 = R2122 = R2212 = R2221
=
4x
(
x12 − 10x10 + 47x8 − 130x6 + 207x4 − 174x2 + 60)
(x2 − 1)4 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
R2222 =
4
(
7x16 − 84x14 + 423x12 − 1156x10 + 1829x8 − 1614x6 + 624x4 + 60x2 − 90)
(x2 − 2)2 (x2 − 1)4 (x8 − 8x6 + 23x4 − 30x2 + 15) .
Proof. We will compute the components of curvature tensor R = Rabcddz
a ⊗ dzb ⊗
dzc ⊗ dzd associated with given Hermitian metric g by well-known formula:
Rabcd = −
∂2gab
∂zc∂zd
+
l∑
p,q=1
gqp
∂gap
∂zc
∂gqb
∂zd
. (2.6)
For the Bergman metric gij on G2, we already obtained
∂
∂wi
gjl = ∂igjl in (2.5). Also,
the inverse metrix was obtained in Proposition 7. From (2.5),
∂2g
ab
∂zc∂zd
is written in
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terms of the Bergman kernel BG2 as follows:
∂2
ij
gkl = 6B
−4
G2
∂jBG2∂iBG2BG2∂
2
kl
BG2 − 2B−3G2∂2ijBG2BG2∂2klBG2 − 4B−3G2∂iBG2∂jBG2∂2klBG2
− 2B−3G2∂iBG2BG2∂3kljBG2 − 6B−4G2∂jBG2∂iBG2∂kBG2∂lBG2 + 2B−3G2 ∂2ijBG2∂kBG2∂lBG2
+ 2B−3G2∂iBG2∂
2
kj
BG2∂lBG2 + 2B
−3
G2
∂iBG2∂kBG2∂
2
lj
BG2 +B
−2
G2
∂2
ij
BG2∂
2
kl
BG2
+B−2G2∂iBG2∂
3
klj
BG2 −B−2G2∂jBG2∂3kliBG2 +B−1G2∂4ijklBG2
+ 2B−3G2∂jBG2∂
2
kiBG2∂lBG2 −B−2G2∂3kijBG2∂lBG2 −B−2G2∂2kiBG2∂2ljBG2
+ 2B−3G2∂jBG2∂kBG2∂
2
li
BG2 −B−2G2∂2kjBG2∂2liBG2 −B−2G2∂kBG2∂3lijBG2 .
With all formulas in the proof of Proposition 8, the only missing term is ∂4
klij
BG2 ,
which is written as
∂4
ijkl
BG2 =
∂
∂wl
∂3
∂wi∂wj∂wk
(B ◦Φ−1) =
(
(∂4
1111
B)
∂z1
∂wk
∂z1
∂wl
+ (∂4
1112
B)
∂z1
∂wk
∂z2
∂wl
+ (∂4
1121
B)
∂z2
∂wk
∂z1
∂wl
+ (∂4
1122
B)
∂z2
∂wk
∂z2
∂wl
)
∂z1
∂wj
∂z1
∂wi
+
(
(∂4
1211
B)
∂z1
∂wk
∂z1
∂wl
+ (∂4
1212
B)
∂z1
∂wk
∂z2
∂wl
+ (∂4
1221
B)
∂z2
∂wk
∂z1
∂wl
+ (∂4
1222
B)
∂z2
∂wk
∂z2
∂wl
)
∂z2
∂wj
∂z1
∂wi
+
(
(∂4
2111
B)
∂z1
∂wk
∂z1
∂wl
+ (∂4
2112
B)
∂z1
∂wk
∂z2
∂wl
+ (∂4
2121
B)
∂z2
∂wk
∂z1
∂wl
+ (∂4
2122
B)
∂z2
∂wk
∂z2
∂wl
)
∂z1
∂wj
∂z2
∂wi
+
(
(∂4
2211
B)
∂z1
∂wk
∂z1
∂wl
+ (∂4
2212
B)
∂z1
∂wk
∂z2
∂wl
+ (∂4
2221
B)
∂z2
∂wk
∂z1
∂wl
+ (∂4
2222
B)
∂z2
∂wk
∂z2
∂wl
)
∂z2
∂wj
∂z2
∂wi
+
(
(∂3
111
B)
∂z1
∂wk
+ (∂3
112
B)
∂z2
∂wk
)
∂2z1
∂wj∂wl
∂z1
∂wi
+
(
(∂3
121
B)
∂z1
∂wk
+ (∂3
122
B)
∂z2
∂wk
)
∂2z2
∂wj∂wl
∂z1
∂wi
+
(
(∂3
211
B)
∂z1
∂wk
+ (∂3
212
B)
∂z2
∂wk
)
∂2z1
∂wj∂wl
∂z2
∂wi
+
(
(∂3
221
B)
∂z1
∂wk
+ (∂3
222
B)
∂z2
∂wk
)
∂2z2
∂wj∂wl
∂z2
∂wi
+ ∂3
111
B
∂z1
∂wl
∂z1
∂wj
∂2z1
∂wi∂wk
+ ∂3
112
B
∂z2
∂wl
∂z1
∂wj
∂2z1
∂wi∂wk
+ ∂2
11
B
∂2z1
∂wj∂wl
∂2z1
∂wi∂wk
+ ∂3
121
B
∂z1
∂wl
∂z2
∂wj
∂2z1
∂wi∂wk
+ ∂3
122
B
∂z2
∂wl
∂z2
∂wj
∂2z1
∂wi∂wk
+ ∂2
12
B
∂2z2
∂wj∂wl
∂2z1
∂wi∂wk
+ ∂3
211
B
∂z1
∂wl
∂z1
∂wj
∂2z2
∂wi∂wk
+ ∂3
212
B
∂z2
∂wl
∂z1
∂wj
∂2z2
∂wi∂wk
+ ∂2
21
B
∂2z1
∂wj∂wl
∂2z2
∂wi∂wk
+ ∂3
221
B
∂z1
∂wl
∂z2
∂wj
∂2z2
∂wi∂wk
+ ∂3
222
B
∂z2
∂wl
∂z2
∂wj
∂2z2
∂wi∂wk
+ ∂2
22
B
∂2z2
∂wj∂wl
∂2z2
∂wi∂wk
.
Then each formula of Rabcd can be obtained from elementary but lengthy computa-
tions. 
To compute the holomorphic sectional curvature of the Bergman metric on G2, we
proceed the Gram-Schmidts process to determine the orthonormal basis X,Y . Take
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the first unit vector field
X =
∂1√
g11
. (2.7)
Then another vector field Y˜ which is orthogonal to X is given by
Y˜ =
∂2√
g22
− g( ∂2√
g22
,X)X = a1∂1 + a2∂2,
where a1 = − g21g
11
√
g
22
, a2 =
1√
g
22
. Since g(Y˜ , Y˜ ) = a1a1g11 + a1a2g12 + a2a1g21 +
a2a2g22, we will use
Y =
Y˜√
g(Y˜ , Y˜ )
=
a1∂1 + a2∂2√
a1a1g11 + a1a2g12 + a2a1g21 + a2a2g22
=: t1∂1 + t2∂2, (2.8)
where
ti =
ai√
a1a1g11 + a1a2g12 + a2a1g21 + a2a2g22
, i = 1, 2. (2.9)
Proposition 10. Let H(Z) = R(Z, Z¯, Z, Z¯) for Z ∈ {X,Y }. The holomorphic
sectional curvatures H(X),H(Y ) of the Bergman metric at (x, 0) ∈ G2, 0 ≤ x < 1
are given as below:
H(X) =
9x16 − 108x14 + 551x12 − 1552x10 + 2605x8 − 2598x6 + 1410x4 − 300x2 − 18
(3− 2x2)2 (x8 − 8x6 + 23x4 − 30x2 + 15) ,
H(Y )
(
3− 2x2)2 (x4 − 5x2 + 5)3 (x4 − 3x2 + 3)2
= 9x28 − 225x26 + 2575x24 − 17844x22 + 83491x20
− 278485x18 + 681267x16 − 1237584x14 + 1668725x12 − 1646775x10
+ 1150505x8 − 531240x6 + 137820x4 − 9810x2 − 2430.
In particular, all values of H(X) and H(Y ) are negative at (x, 0) ∈ G2, 0 ≤ x < 1
and
lim
x→1
H(X) = lim
x→1
H(Y ) = −1.
Proof. From the definition of the holomorphic sectional curvature, computeH(X),H(Y )
which become
H(X) =
R1111
g11g11
,
and
H(Y ) =
2∑
i,j,k,l=1
titjtktlRijkl.
Then formulas of H(X),H(Y ) follow from the direct elementary computations and
one can check that all values of H(X),H(Y ) are negative. 
However, we can also compute the bisectional curvature of the Bergman metric on
G2 based on Proposition 9.
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Proposition 11. Let B(X,Y ) := R(X, X¯, Y, Y¯ ). Then at (x, 0) ∈ G2, 0 ≤ x < 1,
B(X,Y ) = −
(
x2 − 1)2 f1(x)
(3− 2x2)2 (x8 − 8x6 + 23x4 − 30x2 + 15)2 ,
where
f1(x) = 9x
20 − 162x18 + 1297x16 − 6074x14 + 18412x12 − 37738x10 + 52968x8
− 50274x6 + 30876x4 − 11070x2 + 1755.
In particular,
lim
x→1
B(X,Y ) = 0,
B(X,Y )(0.9, 0.9, 0, 0) = 0.00679073.
Consequently, the bisectional curvature of the Bergman metric on G2 is not negatively
pinched.
Proof. By (2.7) and (2.8),
B(X,Y ) =
t1t1
g11
R1111 +
t1t2
g11
R1112 +
t2t2
g11
R1122 +
t2t1
g11
R1121.
Now proposition follows from direct computations with Proposition 9 and (2.9). 
It follows by the similar argument that
Lemma 12. At (x, 0) ∈ G2, 0 ≤ x < 1,
R(X, X¯,X, Y¯ ) = R(X, X¯, Y, X¯) =
− 3x
(
2− x2) 52 (1− x2)3 (3x8 − 24x6 + 71x4 − 92x2 + 45)
(3− 2x2)2
√
(2x4 − 6x2 + 5)(3 − 2x2) (4x6 − 18x4 + 28x2 − 15) (f2(x)) 32
,
R(Y, Y¯ ,X, Y¯ ) = R(Y, Y¯ , Y, X¯) =
x
(
2− x2) 52 (x2 − 1)2 (9x14 − 126x12 + 739x10 − 2335x8 + 4276x6 − 4545x4 + 2610x2 − 630)
(3− 2x2)2
√
(2x4 − 6x2 + 5)(3 − 2x2) (x4 − 5x2 + 5)2 (x4 − 3x2 + 3)
√
f2(x)
,
R(X, Y¯ ,X, Y¯ ) = R(Y, X¯, Y, X¯) = −3x
2
(
x2 − 2)3 (x2 − 1)2 (3x8 − 27x6 + 89x4 − 124x2 + 62)
(3− 2x2)2 (x4 − 5x2 + 5)2 (x4 − 3x2 + 3) ,
where
f2(x) = −x
8 − 8x6 + 23x4 − 30x2 + 15
4x6 − 18x4 + 28x2 − 15 .
Now we are ready to prove the main result of the paper.
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Proof of Theorem 1. Take any unit vector field V = aX + bY with respect to the
Bergman metric with |a|2 + |b|2 = 1. Then at (x, 0) ∈ G2, 0 ≤ x < 1,
R(V, V¯ , V, V¯ ) = |a|4R(X, X¯,X, X¯) + |a|2abR(Y, X¯,X, X¯) + |a|2abR(X, Y¯ ,X, X¯)
(2.10)
+ |a|2|b|2R(Y, Y¯ ,X, X¯) + |a|2abR(X, X¯, Y, X¯) + a2b2R(Y, X¯, Y, X¯) + |a|2|b|2R(X, Y¯ , Y, X¯)
+ ab|b|2R(Y, Y¯ , Y, X¯) + |a|2abR(X, X¯,X, Y¯ ) + |a|2|b|2R(Y, X¯,X, Y¯ ) + a2b2R(X, Y¯ ,X, Y¯ )
+ ab|b|2R(Y, Y¯ ,X, Y¯ ) + |a|2|b|2R(X, X¯, Y, Y¯ ) + ab|b|2R(Y, X¯, Y, Y¯ ) + ab|b|2R(X, Y¯ , Y, Y¯ )
+ |b|4R(Y, Y¯ , Y, Y¯ )
= |a|4H(X) + |b|4H(Y ) + 4|a|2|b|2B(X,Y ) + 4Re(ab) (|a|2R(X, X¯,X, Y¯ ) + |b|2R(Y, Y¯ , Y, X¯))
+ 2Re(a2b2)R(Y, X¯, Y, X¯).
With Proposition 10, Proposition 11 and Lemma 12, one can show that R(V, V¯ , V, V¯ )
is negatively pinched for x ∈ [0, 1). In fact, letting L(V ) = (3− 2x2)2R(V, V¯ , V, V¯ ),
one can show that −10 ≤ L(V ) ≤ −1/2. By Corollary 3, the holomorphic sectional
curvature of the Bergman metric on G2 is negatively pinched between −10 and −1/18.
Lastly, the bisectional curvature condition follows from Proposition 11. 
Remark 13. It is obvious that the Bergman metric on G2 is not Ka¨hler-Einstein
and thus G2 is not a homogeneous domain.
However, we cannot obtain a compact example by taking the quotient of G2 as G2
does not even admit a quotient with finite volume. One may apply [10] to conclude
G2 does not admit a compact quotient. Here in order to apply Theorem 1.6 in [18],
it suffices to verify the following simple fact.
Proposition 14. G2 is contractible.
Proof. It suffices to show that the identity map is homotopic to the constant map
sending G2 to 0 ∈ G2. Let F : [0, 1] ×G2 → G2 given by F (t, w1, w2) = (tw1, t2w2).
Suppose (w1, w2) = Φ(z1, z2) = (z1 + z2, z1z2) for (z1, z2) ∈ ∆2. Then Φ(tz1, tz2) =
(tz1 + tz2, t
2z1z2) = (tw1, t
2w2). It follows that F is a well-defined continuous map
and thus the identity map and the constant map are homotopic. 
3. Complex geometric consequences
We study the complete Ka¨hler-Einstein metric as well as other invariant metrics
on G2 and we have following corollaries by applying the fundamental results proved
in [27]:
Corollary 15. The Bergman metric gBG2 , the Kobayashi-Royden metric g
K
G2
and the
complete Ka¨hler-Einstein metric gKEG2 with Ricci curvature equal to −1 on the sym-
metrized bidisc G2 are uniformly equivalent.
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Proof of Corollary 15. With Theorem 1, Corollary 15 follows from Theorem 2 and
Theorem 3 in [27]. 
Remark 16. We are kindly informed by Nikolai Nikolov that this result is known by
the property of the squeezing functions on C-convex domains (cf. [21, 23]).
The next corollary is motivated by Example 5.1 and 5.2 in [25] and the proof also
follows from the argument there.
Corollary 17. Given any complete Ka¨hler manifold (X, gX ) such that the holomor-
phic sectional curvature is between two negative numbers, the holomorphic sectional
curvature of the product metric gBG2 ⊕ gX on Ω := G2 × X is between two negative
numbers. As a consequence, any closed complex submanifold S of Ω admits the unique
complete Ka¨hler-Einstein metric gKES with Ricci curvature equal to −1. Moreover,
gKES , the Kobayashi-Royden metric g
K
S , and the restriction of the Ka¨hler-Einstein
metric on Ω to S are uniformly equivalent.
Proof. It follows from Theorem 1 that the holomorphic sectional curvature of gBG2⊕gX
is negatively pinched. By Theorem 3 and Theorem 9 in [27], the holomorphic sec-
tional curvature of Ka¨hler-Einstein metric gKEΩ on Ω is negatively pinched and g
KE
Ω
has the quasi-bounded geometry. Therefore, the second fundamental form of S with
respect to the restriction gKEΩ |S is bounded. By the decreasing property for holomor-
phic sectional curvature and the Gauss-Codazzi equation, the holomorphic sectional
curvature of gKEΩ |S is negatively pinched. The conclusion follows from Theorem 2
and Theorem 3 in [27] again. 
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